This paper studies the theory and design of a class of perfect reconstruction (PR) causal-stable nonuniform recombination cosine modulated filter banks (RN CMFBs) with IIR filters. It is based on the RN CMFB previously proposed by one of the author. A PR FIR RN CMFB of similar specification is first designed. The prototype filters of the CMFBs are then model reduced to obtain a nearly PR (NPR) IIR RN CMFB by modifying a model reduction technique proposed by Brandenstein and Unbehauen. With these NPR IIR RN CMFBs as initial guess, PR IIR RN CMFB with very good frequency characteristics can be obtained readily by solving a constrained nonlinear optimisation problem using for example the function fmincom from MATLAB. Design results show that the proposed method is very effective in designing PR RN IIR CMFBs with good frequency characteristics and different system delays.
INTRODUCTION
Perfect reconstruction filter banks (PR FBs) have important applications in speech, audio, image and array processing. The theory and design of uniform PR FBs has been widely studied [1] . In applications such as signal analysis and coding, PR FBs with nonuniform frequency spacing have the potential to offer more flexibility in time-frequency partitioning. This has attracted considerable interests in designing nonuniform FBs [5] [6] [7] 9] . One useful approach is the indirect method proposed in [9] , where certain channels of a uniform FB are merged using the synthesis FB of a recombination FB or TMUX. It was shown recently in [2] that it is possible to achieve PR in recombination FB. Moreover, if the number of channels of the uniform and recombination TMUX are coprime, than the analysis filters of the resulting recombination nonuniform FB (RNFB) admit an equivalent linear time invariant representation (LTI). In other words, the frequency responses of the analysis filters can be optimized directly, which considerably simplifies the design procedure. A class of RNFB based on the cosine modulation filter banks (CMFB) was also proposed. By imposing a simple matching condition on the filter length, RN FIR CMFB with low design and implementation complexities and good frequency characteristics can be obtained. One advantage of the RNFB is that the PR property is structurally imposed as long as the original uniform and recombination filter banks are PR. Furthermore, dynamic recombination of consecutive channels in the original uniform FB by pre-designed TMUXs is possible [9] .
In this paper, the theory and design of a class of RN CMFB with IIR filters are studied. Compared to FIR filters, IIR filters have the potential to offer lower system delay, sharper cutoff and high stopband attenuation than their IIR counterparts. However, the design of PR IIR nonuniform CMFBs is complicated by the highly nonlinear objective function and PR constraints. In [3] , a method for designing PR uniform IIR CMFB was proposed. The polyphase components of the prototype filter are assumed to have the same denominator so that the PR constraints can be simplified considerably. PR IIR CMFBs with very good frequency characteristics and lower system delay were obtained. The proposed PR IIR RN CMFB is based on the RN CMFB in [2] , except that PR IIR CMFBs are now employed for the original uniform FB and the recombination TMUXs. Following [3] , we assume that the denominators of the polyphase components of the prototype filter in each CMFB are identical. The main problem lies in the designing such IIR RN CMFBs is that when the number of variables and constraints increases, the optimization procedure is rather sensitive to the initial guess of the prototype filter. To overcome this problem, a PR FIR RN CMFB with similar specification is first designed by the method in [2] . The PR FIR prototype filters are then model reduced to NPR IIR CMFBs by modifying a model reduction technique proposed by Brandenstein and Unbehauen [4] . The resulting NPR IIR RN CMFB has a similar frequency characteristic and reasonably good reconstruction error and it is employed as the initial guess to constrained nonlinear optimisation software such as fmincon from MATLAB for designing the PR IIR RN CMFB. Design results show that both NPR and PR IIR MDFTFBs with good frequency characteristics and different system delays can be obtained readily by the proposed method. It should be note that although the design of PR FIR CMFBs also involves nonlinear constrained optimisation, it is considerably simpler due to the absence of the poles and satisfactory results are usually obtained without much difficulty, unless the filter length is very long. The reason behind modifying the model reduction method in [8] is that the denominator of the polyphase components of the final IIR prototype filter will have identical denominator and it considerably simplifies the PR constraints. Other advantages of the method are that the stability of the model-reduced filter is guaranteed and the IIR filters so obtained closely approximate the properties of the original FIR filter. By using these NPR IIR prototype filters as initial guess to the constrained nonlinear optimiser, significantly better converging speed and reliability over the direct nonlinear optimization is achieved because the pole locations can be approximately located.
The paper is organized as follows: The theory of PR IIR RN CMFBs is introduced in section 2. The design of the PR IIR CMFBs and the modified model reduction technique are given in Sections 3 to 4. This is followed by a design example and comparison in Section 5 and finally conclusions are drawn in Section 6. . In the synthesis banks, each merged output will pass through the analysis filters of the recombination FBs and they will be fed to the synthesis bank of the uniform FB for reconstruction. Each synthesis-analysis structure, involving k m channel FB, is called a transmultiplexer (TMUX). It was observed in [2] that if the TMUXs are PR, then they only introduce a signal delays of the subband signal of the uniform FB. If these delays are properly compensated in other subbands, then the system is PR if the original uniform FB is PR. Further, if k m and M are coprime to each, then the equivalent analysis filter of the k-th output can be written as [2] 
PR IIR RN CMFBs
where k l is position of the first sub-channel to be merged for the k-th output. If k l is odd, it is necessary to multiply the sequence n ) 1 (− to the merged output to avoid the problem of spectral inversion. It was also shown in [2] that if a matching condition for the PR CMFBs is satisfied, then the problem of spurious response can be suppressed to yield FBs with good frequency characteristics. For FIR CMFBs, this condition can be imposed by choosing the lengths and cutoff-frequencies of the prototype filters and the of the M -channel FB and the k m -channel TMUX, respectively, as:
where the subscripts p and s stand for passband and stopband cutoff frequencies of the prototype filters. These conditions help to match the magnitude and phase responses in the transition bands of the prototype filters so that the spurious response can be suppressed. By using the model reduction approach, this requirement on the frequency response of the prototype filters is approximately satisfied. When optimising the IIR RN CMFBs, requirement (2) is unnecessary. It should be noted that RN CMFBs without imposing the coprime condition can also be designed [2, 9] . In this case, the analysis filters will be linearly periodic time varying (LPTV) and it cannot be described as in (1) . Fortunately, a matching condition, like (2) and (3), also applies. Due to page limitation, the details are omitted here.
PR IIR Uniform CMFBs
The analysis and synthesis filters of a type-IV CMFB can be written as:
, N, and D are respectively the impulse response, filter length, and delay of the prototype filter.
The analysis and the synthesis filters of an IIR uniform CMFB also can be expressed as (4) except the prototype filter is:
, where n N and d N are respectively the lengths of the numerator and the denominator polynomials of the prototype filter. Let ) (z E k be the type-I polyphase component of the prototype filter such that
, then the PR condition for the IIR CMFB simplifies to:
In addition, all the roots of ) (z D shall remain inside the unit circle to ensure the stability of the analysis filters and the synthesis filters. The objective function is:
where 1 ω is the passband cutoff frequency of the first analysis filters and λ is a positive weighting factor.
= d
corresponds to the least square design criterion. If approximate equip-ripple passband and stopband errors are desired, larger value of d , such as 4, can be selected. The design problem can be formulated as a constrained optimisation problem where (6) is minimized subject to the PR and stability constraints in (5). For FIR CMFBs, ) (z D =1 and the design problem is considerably simplified.
MODIFIED MODEL REDUCTION
Since it is much simpler to design a PR FIR CMFB, we propose to obtain an initial guess to the IIR CMFB design problem mentioned above by a model reduction approach. More precisely, the model reduction method proposed in [8] is modified so that the model-reduced prototype filter has identical denominator in its polyphase components. It was found in [4] that the optimal denominator ) (z D for approximating a FIR filter ) ( 0 z P can be determined using the following iterative procedure:
Also, defining that:
Then, ) ( ) ( n q k can be calculated by minimizing the following objective function:
where
is the smallest among all the iterations for a sufficiently large value of k is the desired solution. More importantly, the model reduced IIR filter is always stable. The numerator can be determined separately using the least squares criterion. As mentioned earlier, the denominator of the IIR prototype filter should have the form ) (
If direct model reduction is used, the numerator and denominators have to be multiplied by certain factors and the filter length is thus unnecessarily increased. Another method is to modify the above procedure by assuming the following form for the model-reduced filter:
where dM L p 2 ≥
, d corresponds to the non-zero coefficients (9) is then modified as follows: . Hence, the model-reduced filter in the form of (10) is still stable, provided that ) (
is the smallest. More detail of this algorithm can be found in [8] .
DESIGN PROCEDURE and EXAMPLE

Design Procedure:
Given the decimation ratios { } (5) and (6) . The lengths of the prototype filters and the passband and stopband cutoff frequencies should meet the matching conditions (2) and (3) See [2] for more detail. 2. Obtain the corresponding NPR IIR RN CMFB by modelreducing the prototype filters using the modified model reduction method in Section 4. 3. Determine the PR IIR RN CFMB by using the NPR IIR RN CMFB obtained in step 2 as initial guess to the constrained nonlinear optimization problem having (6) as the objective function and the PR and stability constraints in (5) as the constraints. The M-channel uniform CMFB is first designed separately. The recombination TMUX is then designed by minimizing the error between ) ( z H k in (1) and the desired response. The objective functions are: helps to maintain the flatness of the first analysis filters of the TMUX in its passband, which is necessary for biorthogonal CMFBs.
In this paper, the constrained nonlinear optimisation in steps 1 and 3 are solved using the function Fmincon in MATLAB. Following [2, 9] , the system delays of the uniform FB and the recombination TMUXs should preferably be 
Design Example:
A PR IIR RN CMFB with the following parameters is designed:
. The decimation factors are
). m and s are chosen as 6 and 5, respectively. The prototype filters of the 5-, 2-, and 3-channel FIR uniform CMFBs are of length 59, 23, and 35, respectively and the system delay of the whole system is 78 samples. The passband cutoff frequencies of the prototype filters of the 5-, 2-, and 3-channel uniform CMFBs are Fig.2 (a) shows the frequency response of PR RN FIR CMFB so obtained. After model reduction, the orders of the prototype filters of the 5-, 2-, and 3-channel IIR uniform CMFBs are 49, 19, and 29, respectively. Note that the orders of the numerator and denominator of the prototype filter after model reduction are the same and it has the form of (10) . Fig. 2(b) is the frequency response of the NPR RN IIR CMFB after model reduction. Its reconstruction error is of the order 3 
10
− . Fig. 2(c) shows the PR RN IIR CMFB obtained after the nonlinear optimisation. To obtain an equi-ripple response, d in (12) is chosen as 4. As mentioned earlier, the 5-channel PR IIR uniform CMFB is designed separately as mentioned earlier in Section 3 and step 3 of the design procedure. The 2-and 3-channel IIR recombination CMFB TMUX are then designed using (12) as the objective function subject to the stability and PR constraints in (5). Table  1 and Table 2 give out the coefficients of the PR IIR prototypes. It can be seen that from Fig. 2 that the IIR CMFBs has a better stopband attenuation than its FIR counterpart while the system delays are the same. The orders of the IIR filters are also lower than that of the original FIR FB. All the PR FIR and IIR CMFBs have a PR violation of 15 
− . It is also observed that as the system delay and transition bandwidth are reduced, the performance improvement of the IIR CMFB over its FIR counterparts becomes more apparent.
CONCLUSION
The theory and design of a class of PR causal-stable RN CMFBs with IIR filters are presented. A PR FIR RN CMFB of similar specification is first designed. The prototype filters of the CMFBs are then model reduced to obtain a NPR IIR RN CMFB by modifying a model reduction technique proposed by in [4] . With these NPR IIR RN CMFBs as initial guess, PR IIR RN CMFBs with very good frequency characteristics can be obtained by solving a constrained nonlinear optimisation problem. A design example is given to demonstrate the usefulness of the proposed approach. Table 2 . Numerators of the polyphase components of the prototype filters of the CMFBs in Fig.2(c) . 5 
